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Abstract

In this paper we present the results of an investigation of the finite self-consistent field
theory of electrodynamics applied earlier to the calculation of the Lamb shift in hydrogen
(Sachs & Schwebel, 1961; Sachs, 1972), now applied to the problem of the Lamb shift in
the low-lying states of Helium. We construct the covariant nonlinear field equations of this
theory for Helium, from the Lagrangian formalism. In the linear approximation, the
Hamiltonian associated with this field theory for the two-electron atom is set up. It is
equivalent to the Breit Hamiltonian plus two extra terms. This generalization is a direct
consequence of the two-component spinor formalism of the factorization of the Maxwell
theory of electromagnetism that is contained in this theory of electrodynamics (Sachs,
1971). Thus, the energy spectrum predicted for the Helium atom is the spectrum predicted
by the Breit Hamiltonian, shifted by amounts in the different energy states according to
the effects of the extra terms in the Hamiltonian. The latter can be associated with the
corrections to the Helium spectrum that are conventionally attributed to the Lamb shift.
The level shifts for the 118 and 238 states are calculated using the Foldy-Wouthuysen trans-
formation, with the generalization of Charplvy for the two-electron atom. The results are
found to be in close agreement with the experimental values for the energy shifts not pre-

dicted by the Dirac theory, and with the theoretical values predicted by quantum electro-
dynamics.

1. Introduction

In order to display the success of the present-day theory of quantum electro-
dynamics, one need but mention the calculations of the Lamb shift and the
anomalous magnetic moment of the electron. However, the theory does suffer
from some undesirable features. First, divergences appear which must be removed
by the renormalization method—a scheme of calculation that is not demonstrably
mathematically consistent. Second, the formalism of quantum electrodynamics
does not give results in closed form.

+ The contribution from H. Yu taken from a thesis submitted in partial fulﬁllmen't for
the Ph.D degree at State University of New York at Buffalo. Dr. Yu’s present address i3
Roswell Park Memorial Institute, Buffalo, N.Y.
© 1975 Plenum Publishing Corporation. No part of this publication may be repro@uced,
stored in a retrieval system, or transmitted, in any form or by any means, electronic,

mechanical, photocopying, microfilming, recording, or otherwise, without written
permission of the publisher.

73



74 HUNG YU AND M. SACHS

The self-consistent field theory of electrodynamics developed by Sachs (1972)
and Sachs & Schwebel (1961) has been applied to the hydrogen atom and shows
that the extra energy levels associated with the Lamb splitting are naturally
predicted by the theory. This is due to extra terms that appear in the field
equations. The existence of these terms is a consequence of the factorization
of Maxwell’s equations into a pair of uncoupled two-component spinor equations.
(Sachs, 1971). In the linear approximation for the matter field equations, the
extra terms lead to an extra contribution to the Dirac Hamiltonian for hydrogen.
The prediction of the Lamb splittings (35,2 — 3Py/) and (2812 ~ 2Py15) by
these terms was found to be within 1.0% of the experimental values, and as
accurate as the values predicted by quantum electrodynamics.

Continuing this line of study, we investigate this theory’s prediction in regard
to the helium spectrum. The method of calculation applied uses the Foldy-
Wouthuysen type of transformation for the Dirac equation, for the two-electron
atom, including the extra terms predicted by this theory (Charplvy, 1953). The
extra terms appear here as an addition to the Breit Hamiltonian for Helium
(Breit, 1929).

The results of the perturbation calculations for the energy shift of the
ionization energy of Helium, for the lowest state of parahelium and ortho-
helium, due to these extra terms, are then compared with the experimental
values of the Lamb shift of Helium, and with the theoretical values determined
from quantum electrodynamics.

2. The Field Equations for the Helium Atom

2.1. The Construction of Field Equations

In this section, we construct a Lagrangian density function for the Helium
atom, from which the relativistically covariant field equations can be derived, in
accordance with the principle of least action.

The Lagrangian density depends explicitly on the Maxwell field spinors oD,
o7, qﬁgf), ot for the electromagnetic field intensities of the two electrons,
¢ U for those of the Helium nucleus, the Dirac field bispinors @), ),
@ § @ for the dynamical field variables of the two electrons, ¥, ¢, for
the dynamical variables of Helium nucleus, and on their respective first
derivatives.

These Maxwell field spinors satisfy the factorized electromagnetic field
equations for this system as follows:

0,3,6P = P YO, Yy? (2.1.1)

1 The notations used are:

ax

0 0 o
7 ={vo: v, 70=(0 ﬂ])=.8 7k=—i<ﬂ}k Ok) k=1,2,3

0
an(= —-—)={a0: —idy; dg} x={xQ=it;xk}, a=iyeY

Y= W?yo and oy are Pauli matrices, i =¢ = 1.
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wherep=1,2,n,a=1,2,and

- B A GO 7R R AL
e(P)\‘b(AD)[‘1 Y@ = 41rze(p)( J(P)(,»y low 72)3¢ )

. o [FO (=7, — )P
®) ., () ) - ®)

The Lagrangian density can be constructed from three parts: L =Ly + Ly + L.
The first part is the usual ‘free field’ Dirac Lagrangian density,

Lp= 2 [JP0ud, + mP)®) + (- 8,9@y, + mPy@)y®)]
p=1 (2.1.2)

The second part contains an interaction term which couples the Maxwell
field variables to the Dirac field variables through the source term YOI,y @),
This is the part that gives rise to the Maxwell field equations (2.1.1), when
variation is carried out with respect to the Maxwell (spinor) field variables.
The form of this part of Lagrangian is as follows:

n
Ly=ign 3 3 (1*P7(0,0,0 - 26DP@Tep@) +hc.
p#q=1 a=1,2 (2.1.3)

where g,,, is the extra fundamental constant in this theory, previously deter-
mined (Sachs, 1972). The value is g,,, = (2-087 £ 0-001) . 10™* ¢m.

The third part contains the conventional interactions which couple the
velocity fields of the particles, except for the omission (by this theory) of
self-interactions (p = q),

n
Li=— 3 e(P)e(q){z,‘(P},},p,’b(P)j POy g DG (x ~ x'y d*
p#q=1 (2.1.4)
where the Green’s function G (x — x) satisfies D’ Alembert’s equation
OG@E —x")=—4ns(x —x")

The total action function whose vanishing variation gives the behavior of the
Helium system is

i

t
A= [] Ld*ar (2.1.5)
),
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The field equations for Helium are now derived from the above action in
accordance with the principle of least action, giving the following equations

iny:

[Yudy + L1y + Iy +Iny +Ing + m ] =0 (2.1.6)
[Yudu + 111 +11p + Iyy + Iop +m JY @ =0 (2.1.7
['Yuap. +1, +Mn] d/(n) =0 (218)

where m,, M,, are the electron and Helium nuclear mass respectivelyT, and
1@ ==y [ TPy 006 - x)d' =iyge [ IDENGE — x') d'

Ip(x)= 2e27“ f J(”)'yuw(”)(}(x —x)d*%' = 2iv,e f J‘(,")(x')G(x —x" d%'
2
I () = igm.(—e) 3 (— D*[¢PT(x).Ty — (voTulv0) . 92(x)]
a=1

2
Ip3(x) = igm . (—€) 21 (D[0P (x) . Do — (voT'w 7o) . 487(x)]

111,112, 124,13, are obtained by interchanging 1 and 2.
In(x) = ~vu(2e) f () ¥ Wy, yDG(x — x")d %'~ 7u(2€)f
x ()P Py, DG (x —x")y d¥’

2
+igm(2e) Z (=" [‘Pt(xl)T Ty - (’YOFaT'YO) . ¢&1)]
1

o=

2
+ 3 (D[P .Ty — (voTuvo) - @&”]}
a=1

2.2. The Partial Linearization of Field Equations
We now show that the solution of (2.1.8) can be approximated by the

following stationary form ¢ = e ™n’f(r)s, where s is the constant four-
component spinor such that sts = 1. Dividing (2.1.8) by M,, we have

1 1 In
—vo0p — —— +—+1)y™ =9 2.2.1
(Mn Yo0q M, YOk M, ) 1 ( )

+ For the purpose at hand, we write the (spinor) equation for the He? nucleus. This
makes no difference in the calculation that follows for the atomic spectrum of He, as the
approximation will be used that is equivalent to infinite nuclear mass.
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The operator 7,0z /M,, corresponds to the ratio of kinetic energy of He
nucleus to its rest energy. Since the recoil energy of He nucleus is negligible
compared to its rest energy, we can neglect this term. The operator [,,/M,,
corresponds to the ratio of Helium binding energy to the Helium nuclear rest
energy. This also can be assumed small enough to be neglected. Therefore
equation (2.2.1) takes the form (in the rest frame of the He nucleus):

| .
(;{; Yodo + 1) e Mnlf(r) =0 (2.2.2)

f(r) can be chosen arbitrarily without altering the validity of equation (2.2.2).
Appealing to the physical argument that leads to the assumption of stationary
point Helium nucleus, we take

1D =50 (22.3)
8(r) is the three-dimensional delta function. This leads to:

J/_(n)')’k‘l/(n) = O, \—j/—(n)’)’glp(n) = 8(1-)

In the limit of stationary Helium nucleus and sufficiently small momentum
transfer between the interacting electrons, compared with mec, the specifica-
tion of each electron of the He atom can be made with respect to their own
private space-time coordinate frames. This is because in a first approximation,
the equations for the two electron waves may be considered separately Thus
x goes toxq inlyq,112,121, 177 and x goes to x, inlyy,712.121,15,. Inserting
(2.2.3) into I, we have

2¢? . 26t
[,=2522 Similarly I, =10

l’l 2

224

These are just the Coulomb potential.

Before 15, can be determined explicitly, we must know the form of the
spinor solution % of the Maxwell’s field equations for the nucleus. Putting
(2.2.3) into (2.1.1), we have:

0,0,9%) = —4ni .(2€) 5@(3}) (2.2.53)

/

08,09 = +4mi. (2€) a(r)(?) (2.2.5b)

The solutions are (Sachs, 1971)

o) = — (x f_l.y), $§(x) = 23()6 ZW ) (2.2.6)



78 HUNG YU AND M. SACHS

Finally, substituting these solutions into /55, we obtain:

. r;xY
Iy = 16mig,, 2> (—1;3——29 (22.7)

We now proceed to solve the spinor Maxwell’s equations for the two

electrons. The Green’s function for the two-component spinor equations is
(Sachs, 1971)

k _
S(x — x) G ) j 20;? £ otkulepy— X d4k 0, = (0 — o)
Thus 2.2.8)
1 a el'k“(x“——xh)
S(x~xYy=-—50, =7 J—~——-d"’k
@2m* ? ox, k,’
Because
1 [ efuux)
——— e —g— + —
%3“‘ kﬁz d’k R 8t +R-1)

S(x — x') can be written explicitly as

Sx —x)= (4){ R(r)'s({ R—~1n— a.fxx{ Rz( )8(1‘ +R-t)”

where (2.2.9)
R=[te |=lt—r()],  For="
and
§'(t' +R(t)-t)= B(f £)
The solutions are as follows:
¢Px) = [ Sx — TP d%  p=1,2 (2.2.10)
where
TP (x') = 4771(]p+j3), TP (x') = —47ri(j;:?32)
p(x',t)=—eb(x —1'(t")
j@', Y= —eVe(r —1'(¢)

and where r'(¢") is the position of the electron at the retarded time. Thus, with
these source terms we obtain

(2) = 1 d 1+ Vlz _1_
)= ’Q{GOKdr [(le— V.y] KR
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I RSN IR E 2PN W IS S R 4%
T kR v —ivy,| CKdl KRV + Y,

where (2.2.11)
= _qil = 1 +§£I_'Y
dt ¢
(If now we put ¢ into the equations.)
We have
2
(2) - 2 B 1 _1- + ,\_] + K
¢77(x) =ie [“-rxx (0) KRl] O(C 0 o2
ie z—1z
~ , , 2.2.12
KR3((x—x)+i(yky)) ( )
Similarly,
@y e [x—x")—i(y —»)
93 ()~ 3 ( ) (2.2.13)
The substitution of (2.2.12) and (2.2.13) into [, leads to
Y
Iy 2> —il6mg,,e? (r1pX¥)s3 i (2.2.14)

3
KF12

The velocity of the two electrons in He atom is the order of ca, @ = e%/Ac s0
K=~=1inl,,.

3. The Hamiltonian for Helium

It is the main purpose of this paper to investigate the contribution to the
Helium spectrum due to these extra electromagnetic interactions involving
gm. Thus, it is not necessary here really to solve exactly the two non-linear
coupled field equations for the two electrons. From the physical point of
view, we can construct a total Hamiltonian for He from terms in these two
field equations, such that

HY=—EY 3.1
where
H=Hy+H +Hyy+Hy + Ha
i)
E=8, —+8 , Ho=(0.p; +%5.pa)c + (By +Baymc?
axw 83('20

$ Because Iy’ goes torys in 75,
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with
Hiyy=%B011 +B2111)
Hiyy=B1112% 82112
Hyy =5B1121 + B2121)
Hyp=B11 + 8215,

¥ is now the He wave function that has 16 components.
The physical meaning of the various terms in the Hamiltonian is as follows:

Hy s the free particle Dirac Hamiltonian.
Hy; isthe sum of the Coulomb interaction between the two electrons and
the Breit interaction term (Breit, 1929) which is, up to the order of
(V/e?,
et e [0‘1 oy (o ryp)(ay.155)
Hl 1 Xt — +
Fia 2

(3.2)
712 7?2

H,, isthe Coulomb potential of the two electrons due to the Helium
nucleus.

H,, isthe extra electromagnetic coupling term between the two electrons.

H,, s the extra electromagnetic coupling term of the two electrons due to
the nucleus.

These two terms do not have any counterpart in the standard vector-tensor
representation of the Maxwell’s formalism.

We see that, without the terms H,, and H,,, this wave equation is just the
Breit equation for He. Therefore the energy spectrum, without considering
the contribution of these two terms, will be the same as that from the conven-
tional Dirac theory. We now investigate whether these two extra terms will
give the correct shift to the energy levels of He, replacing the usual quantum
electrodynamical contributions associated with the Lamb shift.

Since these two terms are much smaller than the total energy of He atom, %
first-order perturbation theory will be sufficient for calculating the energy
shift.

4. Energy Shift of He Due to H,,

This two-particle Hamiltonian in the above section can be reduced to the
non-relativistic limit by the Foldy-Wouthusen type of transformation. The
variational wave function will be used for the perturbation calculations. The
reduced Hamiltonian, up to the order of o2, given by Chaplevy (1953) is as
follows (in atomic units):

1 o? 9 5
Hp=— &-2-+ (ee) — 5 [(0€)” + (e0)*]

-14

t Because the order of g,,, is only ~ 10 m.
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ot o
+ ) [[(oe), (ee)], (0e)] + 3 [[(e0), (ee)], (e0)]

6
2 109" + ()] +% o)

ot ot
tg [10e), (00}, (o)l + o~ [I(€0), (00}, (0E)]:

6
- = [(e), (co)?

o ) a®
—g 109", ()] — 5 (o) (o) (e0) + (o) (c0)(0e)]  (4:1)

where (0€) is the operator in the Hamiltonian odd with respect to the first
electron and even with respect to the second, in the Dirac matrix &, and

(eo)—(even, odd)
(ee)—(even, even)
{00)—(odd, odd)

{z,b] and [a, b], are the commutator and the anticommutator respectively.
For our case,

2 2 i
€E) = —m d — s e 4.2a
(<€) F1 F2 Ty (4.22)
1{a;.00) 1 1 »
(00) =5 =4y - (mria) (g o) (4.2b)
1 K
(e0)=—(ay.p2) + 3(r2xa)3 (4.2¢)
4 Fo
1 K
(0e)=—(ay.py T 5(ryxay); (4.2d)
o Fy
where
h

K = 167 (gm /) (20)%, Ae = —
me

The reduced Hamiltonian, Hg, up to the order of o, is just equal to the
conventional Breit Hamiltonian in approximate reduced form, plus the
additional term Q: Thus,

Hr =Hrp+Hp+Q 4.3)
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with
VZ VZZ 2 2 —}_

Hpp=—+—""+—+>—
2 2 Fy ¥y Tia

Hp =Hg(1) + Hg(2)
0=0(1)+0(2)

where Hy is the conventional Breit Hamiltonian in approximate reduced form
(Charplvy, 1954)

1 o o[ pr.p2  (r12.p)(r12.p2)
Ha(l)= — 4 —p 44— +2. P2 - P2
(1) 28 D Z [ Fia "?2

2 2
« o
+Z"°'.1 (El 7 ) xpp t e 4m8(11,)

21,
& 1(1'12-1)1) 262-(1’12 Xp ) .
T4 3~ 3 12— 47i (112) (12 X Py)
41 Fiz
-
a’le;.o0 3(6,.1y5)(0,. r12) 87
Y ;3 5 ERE 02)5(f12)
L 712 712
_ é -j____ 201.02 +(°1 )05 .110)
8 _ﬁz s s

Hg(2) = Hp(1)(r; = 1p, 0y = 6y, etc.), and

2( p2
o) = "O; {Ka (r; x oy)g" +— (“1 P1){ 11{3(‘1 X “1)3}

1K
+ -
o },13 (ry x o)3(ey ~P1)}

0(2) = Q(1)(x; = 1, 8 > &y, etc.).

It is observed that the perturbation operator Q diverges at the origin as r
Therefore, in order to ensure that the wave function shall have proper behavior
at the origin that would lead to a convergent matrix element for the perturba-
tion operators that depend on ™ (1 = 2), let us redefine the unperturbed and
the perturbing Hamiltonian by adding and substracting the term f{ry, 7,) such

that , ,
fri,ra)= [Jf‘ ”ﬁ} (4.4)

-4

72

where ¥ = A w.
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With this choice of f(ry, r,) we get the new unperturbed wave function

Ui = Yo exp (—1—9‘—”)

ry 7
where
Yo satifies Hro Vo = —Ero Vo
Yo satifies Hpo Vo = —Ero¥o
with

Hgo =Hgo +f(r1,12)
and the new perturbation operator Q' = Q — f(r;,72).

4.1. Ground State (1'S)-Parahelium
We can evaluate the matrix elements in Q' by using the 6-parameter
Hylleraas variational wave function (Hylleraas, 1929)

Yo=e UL+ Clu+ Cyt? + Cys + Cys? + Csu®)  (Unnormalized)
where s =ry +r,, =7 —Fy, U=Fqp,
=(-353808, C, =0-128521, C3 =-0-100828
C,;=0033124, Cs; =—0-031799
and 4 = 3-64.

The various terms in the matrix element of Q' can be written out explicitly
as follows (in atomic units):

o?K?
Q) =-8Tyg 6 (ry x ap)s’ ¢03+S+‘[/0 4 l1"()S+Q1(2)

K22 ’ 2,2 ,
- cos20, . yF + cos?f, .Y (4.1.12)

7y )

Here,

=—\75{a<1)5(2> 2)5(1)], a=(1), s=(°)

7 K 7 ’
Qs = (“1aP1)[ o (r1 x o)z }!’OS"'Qz(z)
"1
_ . 1 3y, 1 9y,
W -3 5 20— ey 5 ! (4.1.1b)

2
0 =5ty {K (ry x @) } (@) yr 54 042)

=05 (4.1.10)
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From symmetry, it is seen that the Q) and Q% terms vanish when integrating
over the azimuthal angles ¢; and ¢,.
We thus arrived at the energy shift (AE,,) g as follows:

(AE) s =

K202 N2 2 2 272 2
o cos“0y |,y +K a” N cos 02‘1/;)2577

q o dr 4
2 ry 2 7y
where N? is the normalization constant

N =((Yolyon™
dT=d31‘1 .d372

By carrying out the integration (Yu, 1974), we obtain (AE,,) g ~ 4-8 cm ™.

4.2, The Excited State (23S)-Orthohelium
In the triplet S state of lowest energy for orthohelium, the terms,

a; . p; | =
r‘3 (l pt)’ 4 132

1

Ko
(o ~Pi)[;f3" (r; x az)3

Ko(t; x a;
and ( 1 1)3
i
give vanishing matrix elements, independent of the spin states of the electrons,
therefore the only non-vanishing matrix element is still
cos?0, . cos®0,

}‘14 r24

Because of the larger separation of the electrons from the nucleus, the
energy shift of this state should be smaller than that of 1S state. The simple
wave function, the antisymmetrized product of two hydrogen—like wave
function with nuclear charge Z; and Z, for the inner and outer electron, will
be sufficient for calculating the matrix element. The wave function is
(Bethe & Salpeter, 1957),

Vo = [exp(—zir2 — §2or)(zary — 1) — exp (—zar; — 32;.77)

!

x (3z,r, — 1)] exp (—— {% — ——) 4.2.1)

where z; ~ 201, z, >~ 1-53.
With this wave function we find (Yu, 1974) the energy shift from the term

cos?6, N cos’6,

r 14 I"24

to be (AE;2)23S = 3-5 mel.
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5. The Lamb Shift of Helium

What we will compare from theory, with the experimental results, is what
is usually referred to as the Lamb shift in the ionization energy of He. That is
the difference of energy shift with the corresponding energy levels of He* and
He atom. Because, previously, we assumed that those extra terms are the
replacements of the usual quantum electrodynamics contributions, the energy
shift to the ionization energy due to those extra terms will be associated with
Lamb shift of Helium. Therefore we first have to calculate the energy shift
due to this kind of extra term for He*, which is (Sachs, 1972)

4+ . 64 (20{) gm
AE(He") =4 W[(S+N)+(2a)2]( )mc I (5.1
where
2K
I=(nza)” f—*-exp( )dp
with

2K
n=J (G2+F2)6Xp(~7) dp, p=w
0

167
TSN +(20) 1”2 )

o

F= e—p Z pS-H,lau
u=0

G=e™? P54,
u=0

S -Qw?l,  k=t(+3)

The principal quantum numbern =N + k, N = u. For the 15 state of He* we
have F =~ agpe ™, G > agaF. Thus we obtain the result: AE(He%) >~ 3-4 cm™.

Next, we shall investigate the contribution of the operator H;, to the
energy shift. H,1 is proportional to 1/r3, and H,, is proportional to 1/r? and
1/r,% The interaction strength in Hy, is one-half of that in H,,. For the 11§
state, from Pekeris’ results (Pekeris, 1959),

AN _L/IN L/
7%2 _5 }’12 5 r22
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Hence the energy shift due to Hyy, (AE),,, is approximately one-tenth of
(AE),,. That is, (AE), is roughly —0-5 cm ™. For the 23S state,

AN /LN 1/
7'212 ‘40 712 40 722 )

Hence the energy shift due to Hy, for this state can be neglected.
Finally, the energy shift associated with the Lamb shift is

AEy=AE(He") — (AE)y2 — (AE)y, (5.2

For the 118 state: AE;=3-4cem™ — 48 cm™ — (=0-5) em™ = —09 cm ™,
For the 238 state: AE;=3-4cem™ ~3-5em™'=—0-1 em™%,

6. Comparison and Discussion

The aim of this analysis has been to determine whether or not the generalized
theory of electrodynamics which is incorporated in Sachs’ seif-consistent field
theory might lead to a prediction in the fine structure of Helium that could be
comparable with the contribution that is conventionally attributed to radiative
corrections, according to quantum electrodynamics. This is the very small
correction in the conventional theory of the Helium atom, leading to energy
level shifts in the low-lying states of the order of 1 cm ™!, that are necessary
to obtain agreement between theory and experiment.

To compare the theoretical predictions according to the results in the
preceding chapter with experiment, reference may be made to Herzberg’s
(1958) observations of the ionization potential of Helium. He compared his
results with the theoretical values obtained from relativistic wave mechanics
for the two-electron atom—the Breit Hamiltonian, also including mass-polariza-
tion correction. He then attributed the difference between these theoretical
predictions and his observations to radiative effects. The calculations of these
radiative effects according to quantum electrodynamics agreed with Herzberg’s
results for this difference.

However, the present theory also predicts the Helium spectrum from the
Dirac formalism for the two-electron atom, including the Breit terms, as well
as extra {generalized) electromagnetic terms, but without the radiative terms
present. It is then the aim in this investigation to see if the theory proposed
might also feasibly account for this required correction in the spectrum of
Helium, instead of evoking the radiative effects. If so, then the general form
of this theory would have to be tested against quantum electrodynamics in
further applications.

Herzberg's ionization potentials were to have the following values:

Jexp(He*) = 198310-82 £ 015 cm ™!
Jexp(He?) = 198300-32 £ 0-15 cm™!

Taking into account the isotope shift of 10-50 £ 0-05 cm ™ and using
Perkeris’ theoretical value, from his variation calculation with 203 parameters,

1
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Jin(He®) = 19831201 em ™, Jyp, (He®) = 19830154 cm ™, Herzberg obtained
the following ‘experimental’ values of the Lamb shift for the ground state,

AE;j(He*)=-1-19£0:15cm™
AEj(He’)=—1-23%0-15 cm™

If we take the ionization potential of Helium from Pekeris (1962) theoretical
value from solving a determinant of order 1078,

Jin(He*) = 198312:026 cm ™1

then, comparing with Herzberg’s ionization potential, we obtain the corre-
sponding ‘experimental’ values for the ground state

AEj(He*)=—121%0-15cm™!
AEy(He®)=—1-25%0-15 cm™
The present calculation from this theory gives
AE;(118) ~—09(5) em™

For the 238 state of Helium, Herzberg’s experimental jonization potential
is 38454-73 £ 0-05 cm ™!, The corresponding Perkeris (1962) theoretical value
is 38454-8274 cm ™). Thus the ‘experimental’ Lamb shift for this state is
—0-10 + 0-05 cm ™. This present calculation gives

AE;(238) ~ —0-10 cm™!

For the 2'S state of Helium, Herzberg’s experimental value is 3203326 +
0-03 cm L. The corresponding result of Pekeris (1962) is 32033-318 cm ™%
Thus the ‘experimental’ Lamb shift is ~0-06 + 0-03 cm ™, The present
calculation gives

Ex2'8)~ —0-10 cm ™

We can see that, to the accuracy used here, the results of present calcula-
tions are the same order of magnitude as the experimental values for the
required shifts. However, there is some discrepancy. Part of this discrepancy
probably comes from the assumption of a stationary point charge nucleus,
without taking account of the charge distribution of Helium nucleus. A better
approximation to the solution of more coupled field equatjons that describe
the system may inprove the results and would contribute to the difference in
the Lamb shifts in He* and He>.

Other sources of error are: the approximations used when evaluating the
intergrals I11, /12,721, 122 (Yu, 1974), the cut-off for the reduced Hamiltonian
to the order of &2, the approximation used for the wave function in the
calculations of the matrix elements required in this study. It may be pointed
out, however, that a wave function using many more terms in its perturbation
expansion would not improve the results of the present paper very much. A
more accurate calculation, taking these possible errors into account, would
be needed to make comparison with the experimental result in the second
decimal place—which is the accuracy of the experimental values. Thus, the
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present approximate agreement suggests that the Sachs formulation is indeed
correct,

According to quantum electrodynamics, the total radiative correction (the
Lamb shift) to the ionization potential energy of Helium for the ground state
is —1-341 £ 0-05 cm ™! (Kabir & Salpeter, 1957). The radiative shifts for the
218 and 238 states, according Suh and Zaidi, as %uoted in Pekeris (1962), are
—0-104 £ 0-014 cm ™" and —0-109 + 0-009 cm ™), respectively.

We see that our results are also close to theirs. However, the results of this
paper come from a theory that is fundamentally different from quantum
electrodyanmics both in concepts and formalism. From this theory, the
dynamical and electromagnetic coupling of the electron-nucleus system alone
leads to correct predictions of the Lamb shift. Thus the theoretical inter-
pretation of the Lamb shift is not necessarily a consequence of the assumptions
of quantum electrodynamics. The implication then follows that the self-
consistent field theory should be compared with quantum electrodynamics
in still further applications.
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